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Microscopic without a microscope

The state of a system is described by two variables, for
ex., temperature (T) and pressure (P). This immediately
fixes its properties, experimentally.

How does one obtain the experimental observables
corresponding to a state point from computer simulations?

Can computer simulations be used as a numerical
counterpart of experiments?

We need statistical mechanics to make the connection
between variables involved in computer simulations and the
experimental observables.

Statistical mechanics relates macroscopic quantities to
microscopic variables.
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Microstates in quantum mechanics

A quantum mechanical system can be found in different
states. Let us consider quantum states that are eigenvectors
of the Hamiltonian H (i.e., energy eigenstates)

Hli) = Eli) (1)

In Q. mechanics, we usually look at problems with small
degrees of freedom.

Ex., Particle in a one-dimensional box, simple harmonic
oscillator - - -

In these cases, the degeneracy of eigenstates will be
relatively small.

But when the number of degrees of freedom is of the
order of N4 (10%°), the degeneracy will be huge.

To understand this, consider the example of two
harmonic oscillators, one in one dimension and the other in
three dimensions. Some eigenstates of these systems and
their energy values are:
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Microstates in a harmonic oscillator

What is a maicrostate??

Example: Consider the first excited state of the 3-d
harmonic oscillator. Each set of (ng,n,,n.), i.e., (1,0,0),
(0,1,0), (0,0,1) is a microstate of the system.

Ground state First excited state
Dimension | Quantum | Energy | Quantum | Energy
number number
1 3
1 0 5 1 5
3 (0,0,0) 5 (1,0,0) 2
5
(0,1,0) 2
5
(0,0,1) 5
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Be unbiased with microstates

System has N particles in a volume V
Q(N,V,E) = Number of eigenstates with a certain

energy K
= Degeneracy of the energy level E.

Postulate of equal a priori probability

When a system is in equilibrium, its macroscopic
properties are independent of time, (or) the probability
of finding the system in any one of the microstates is
independent of time

So, all that one can say about this system is that
it is going to be in one of the accessible microstates
corresponding to the given energy E. Which one is it
likely to occupy? Is it more likely to be found in one
degenerate state versus the other (given that both of them
have the same energy)?

So, let us postulate that the system is equally likely to
be found in any one of its (2(F) eigenstates corresponding
to energy L.
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Microcanonical ensemble

No transfer of
mass, energy

I

For the case of an isolated system, using the equal a
priori probability postulate, we can see that the system is a
member of the ensemble whose density function is

f(ry = LE<HTIT)<E+A
= 0, otherwise (2)

This ensemble is called the microcanonical ensemble.
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Hamiltonian dynamics

System
N independent particles, isolated

F(t) - {ql(t)a q2(t)7 T qN(t)a pl(t)a pZ(t)a

Hamilton's Equations

OH . OH
op;

q; =

Total Energy

N
Newton's Equations
' : oU
i = 2L pi=—5—=F,
my; 0q;

- pn(t)}
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Phase space

e The coordinate axes are of N in number
e At time ¢, the system is a point in phase space

e The system cannot visit “all” of phase space

e Only those I values which satisfy the condition, Ciz_lj =0

will be visited
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Constant of motion

The Hamiltonian does not change with time
H(p(0),q(0)) = H(p(t),q(t)), or dH/dt = 0.

dH

dt

|
.MZ

~
I
H

OH . OH
_8P7; bi dq; A

I
ME

'_8H OH +8H OH
op; 0q; 0q; Op;

|
-] ﬁ-
—

(6)

Although q and p are time dependent, the Hamiltonian
H(q(t), p(t)) which is constructed out of these two variables
has no time dependence.
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Liouville operator

Poisson brackets

of 0Og Of Og
W)= Z[aqz op. op. oa 7

Hamilton's equations

={T+, H} (8)

Derivatives are at the phase space point
={qi(t), .., an(t), p1(t), .., pn(¥)}.

Let L = {..., H} be the Liouville operator.
It acts on functions of the phase space variables

EOM Solution (9)
Ft = ’LLFt Ft = eiLtI‘O

where I'j denotes the initial conditions on the phase space
vector.
Operator exp(iLt) = classical propagator.

Operators —id/0q & i0/0p are Hermitian. So, the
classical propagator is unitary.
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Unitarity of classical propagator

To show that:
LT =1L

Let {¢x(z,p)} be a set of orthonormal functions on the
phase space. Also, let these functions be bounded, i.e., as

(z,p) — o0, ¢(x,p) — 0.
So,

/dg;dquj(x,p)qﬁk(a?,p) = 0,k (10)

Matrix element of L in this basis,

0 0

L. = —i/dﬁdp¢/§($ap) CU%ﬂLpap

p@

m@az

] o(e.p) (11)

— —i/d:cdqu;;(:c,p) —I—F(CI?)(%] o1 (x,(BR)

Interchanging | and k above,

L;, = —Z/dfbdp[ qﬁl%q;k (x)gb*%] (13)
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O3,

00y
L, = i/da:dp [%(bla"’” —I—F(:I:)(blap] (14)

. .| p 0 0
= —z/d:cdquk [E%—'_F(x)@_p] ) (15)

— Ly, (16)

(Last step through Integration by parts, and using the
boundedness property of ¢)

Since L is Hermitian, exp(iLt) is Unitary.
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Time Reversal Symmetry

Since exp(iLit) is unitary, the equations of motion
possess time reversal symmetry.

OH —0H OH
! — —_— s — = — r — —— ]_
T 7 7 T 7 (17)
OH OH
] — _— ) — —— ]_
p 5 P 9 (18)

So, the Hamilton's equations preserve their form for t
going to -t.

L(t) = U@®T(0) (19)
U(-UT(0) = e “eT(0) (20)
= TI(0) (21)

UT(t) = U(—t). So, Ut(t) is equivalent to backward
propagation in time. So, unitarity means time reversibility.
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Liouville equation

Define a gradient operator on the phase space as,

N

2 (000 2) g
or oqi’ ' Oqn Opi’ Opn

The Liouville operator can be expressed as 1L = I- 0/0T.
Ensemble

e Large collection of systems
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